RESTRICTION OF FOURIER TRANSFORMS TO CURVES: 
AN ENDPOINT ESTIMATE 
WITH AFFINE ARCLENGTH MEASURE 

o: 

^ . JONG-GUK BAK DANIEL M. OBERLIN ANDREAS SEEGER 

Abstract. Consider the Fourier restriction operators associated to curves 
in R'', d > 3. We prove for various classes of curves the endpoint re- 
. stricted strong type estimate with respect to affine arclength measure 

on the curve. An essential ingredient is an interpolation result for mul- 
tilinear operators with symmetries acting on sequences of vector-valued 
functions. 
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1. Introduction 



Let 1 1—)- 7(t) define a curve in M , defined for t in a parameter interval /. 
We shall assume that 7 is at least of class C"^ on /. 

In this paper we investigate the mapping properties of the Fourier restric- 
^ ■ tion operator associated to the curve, given for Schwartz functions on Mf^ 

O: by 

'JZf{t) = Mt)); 

here the Fourier transform is defined by /(.^) = J /(y)e~'^^'^'*d^. TZf will be 
^ ! measured in Lebesgue spaces L'i{I; d\) where dX = w{t)dt is affine arclength 

measure with weight 



(1) w{t) = \T{t)\'^d where r(t) = det(7'(t), ... ,7^°"^^)). 

The relevance of affine arclength measure for harmonic analysis has been 
discussed in [19] and |31] . There is an invariance under change of variables 
\ and reparametrizations. Fourier restriction theorems for the case of 'non- 

degenerate' curves (with nonvanishing r) are supposed to extend to large 
classes of 'degenerate' curves when arclength measure is replaced by affine 
arclength measure, with uniform constants in the estimates. Finally the 
choice of affine arclength measure is optimal up to multiplicative constants, 
in a sense made precise in the next section. 
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AN ENDPOINT ESTIMATE WITH AFFINE ARCLENGTH MEASURE 



For nondegenerate curves afRne arclength measure is comparable to the 
standard arclength measure on any compact interval. Note that for the 

2 

model case . . . the weight w is constant (equal to (d!) d^+d ). The 



sharp LP — t- L°" estimates for this case have been obtained by Zygmund 
and Hormander ^24j in the case d = 2 and by Drury |18j in higher dimensions. 
Namely, one gets LP{R^) — )• L°"(R) boundedness for 1 < p < := ^-j^j^, 

p' = u^i^^tli. A nonisotropic scaling reveals that for a global estimate this 
relation between p and a is necessary in this case. Moreover, it follows from 
a result by Arkhipov, Chubarikov and Karatsuba [T] that the given range 
of p is optimal. One can ask for weaker estimates at the endpoint pd which 
imply the — t- L*^ estimates by interpolation. The iterative method by 
Drury fails to give information at the endpoint. In two dimensions, Beckner, 
Carbery, Semmes and Soria [8j have shown that even the restricted weak 
type estimate fails at the endpoint p2 = 4/3. However, in [6] the authors 
proved for the nondegenerate model case that in dimensions d > 3 the 
Fourier restriction operator is of restricted strong type {pd,Pd)j i-e. maps the 
Lorentz space L^'^'^CM.'^) to LP'*(M, dt). This result is optimal with respect 
to the secondary Lorentz exponents. 

It is natural to ask whether for more general classes of curves the endpoint 
inequality 

d^ + d ' 



(2) {j\loird\) < Pd 



holds true with affine arclength measure d\. This estimate of course implies 
the best possible U'{d\) — )• L'^ bounds which for some classes of curves were 
proved in the first two papers of this series [6], [7], building on earlier work 
by Drury and Marshall [20], [21]. See also the very recent work by Miiller 
and Dendrinos [16] for further extensions. In two dimensions the endpoint 
bound fails and sharp Lebesgue space estimate can be found in [33j , ^30j . 

Here we prove ([2]) for two classes of curves. We first consider the case of 
"monomial" curves of the form 

(3) t^7a(t) = (^"^^"^...,^"'*), o < t < oo 

where a = (ai, . . . , ad) are arbitrary real numbers, d > 3. 

Theorem 1.1. Let d > 3 and let Wadt denote the affine arclength measure 
for the curve Then there is C{d) < oo so that for all f G LPd'i(R°') 

(4) (y^ \fi^ait))rMt)dt) <c(d)ii/ii^,,a(Md). 

Note that the constant in ([4]) is universal in the sense that it does not 
depend on ai, . . . , a^. 

A similar result holds for 'simple' polynomial curves in M"^, d > 3, 
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where is an arbitrary polynomial of degree > 0, with the coefficients 
(5o, • • • ,bN) = b£ M^+\ that is, Pb{t) = Y^f^Q bjt^ . Note that the affine ar- 



clength measure in this case is given by Wh{t)dt where Wi){t) = d'^+d . 

Then we have 



Theorem 1.2. There is C{N) < oo so that for all f G LP''^^{R'^), b G R^+^ 

(6) [ 1^°^ \m{t))rW,{t)dty'' < C(iV)||/||^.,.i(j,.). 

It would be interesting to prove a similar theorem for general polynomial 
curves {Pi{t), . . . ,Pd{t)), with a bound depending only on the highest de- 
gree. However, currently we do not even know the sharp — )• L'^(w) bounds 
in the optimal range p G [1, ^Ji^~jj^^ )- For the smaller range 1 < p < ^if^^^^^ 
(corresponding to the range in Christ's paper [12] for the nondegenerate 
case), such universal — )• L'^{w) bounds have been recently proved by 
Dendrinos and Wright [17|. Their result can be slightly extended by com- 
bining an argument by Drury [19J with estimates by Stovall [37] on averaging 
operators, see ^ 

An interpolation theorem. As in previous papers on restriction theorems 
for curves the results rely on the analysis of multilinear operators with a high 
degree of symmetry. In [6] the operators acted on n-tuples of functions in 
Lebesgue or Lorentz spaces, and it was important to use an interpolation 
procedure introduced by Christ in [I2j (c/. also [26], [23] for related results). 
In the presence of weights one is led to consider interpolation results for n- 
linear operators acting on products of £f (A) spaces and which have values 
in a Lorentz space; here A is a quasi-normed space and (A) is the space 

of A valued sequences {fk}ke'i, foi" which {Yk^i'^'"^^\\fk\\^)^^^ < ^xd. For 
the relevance to the restriction problem see also the remarks following the 
statement of Theorem 11.31 below . 

We recall some terminology from interpolation theory. A quasi-norm on 
a vector space has the same properties as a norm except that the triangle 
inequality is weakened to ||x -|-?/|| < C(||x|| -|- ||y||) for some constant C. Let 
< r < 1. The topology generated by the balls defined by this norm is 
called r-convex if there is a constant Ci so that 



(7) llE^^IL^^i(E 



iir \l/r 

..X- -"^^ 

1 i=l 



holds for any finite sums of elements in A. The Aoki-Rolewicz theorem 
states that every quasi-normed space is r-convex for some r > (see also 
§3.10 in [9] for a generalization). Obviously any normed space is 1-convex. 
Hunt [25] showed that Lorentz spaces L'^'^ are r-convex for r < min{l,p, 
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and they are normable for p,q > 1. The Lorentz space L^'°° is r-convex for 
< r < 1; this is a result by Kalton [27] and by Stein, Taibleson and Weiss 
|34j . This fact plays a role in the proof of sharp endpoint theorems, in [6] 
as well as in the present paper. 

The Lions-Peetre interpolation theory can be extended to quasi-normed 
spaces (see §3.11 of [9j). Here one works with couples X = {Xq,Xi) of 
compatible quasi-normed spaces, i.e. both Xo and Xi are continuously em- 
bedded in some topological vector space. We shall use both the X-functional 
defined onXo-hXi, given by /sr(t, /; X) = inf/=y(^+/J||/o||xo and 
the J-functional defined on Xq n Xi by J{t,f,X) = max{||/||xo, tH/Hxil- 
For 0<6'<l,0<(7<c« the interpolation space Xg^g is the space of 
feXo + Xi for which 11/11^^ ^ = {Zi^^[2-''K{2'J;X)]<^)^/'' is finite. Sim- 

ilarly one defines Xg^oo with quasi-norm H/Hy^^ = sup;^^ 2^'^ir(2', /; X). 
The space Xq n Xi is dense in Xg g but not necessarily in Xg^^; the closure 
of Xq n Xi in oo is denoted by Xg ^ and consists of all / G Xg^^o for 
which 2^^^K{2\ f : X) tends to as / — )• ±00. An equivalent norm on Xg^q 
is given by H/Hxg j = i'^f (Z]/ez[^~'^'^(^'' "'^)]'^)^^'^' where the infimum is 
taken over all representations / = Y2i ui, ui £ Xq n Xi, with convergence in 
Xq + Xi (see the equivalence theorem 3.11.3 in [9j). 

For the formulation and proofs of interpolation results for multilinear 
operators with symmetries it is convenient to use the notion of a doubly 
stochastic nxn matrix, i.e. a matrix A = (aij)i,j=i,...,ra for which Oij £ [0, 1], 
i,j = 1, . . . , n, Yl]=i aij = 1, i = l,...,n and Y17=i ^ij = !> i = 1> • • • > 
Doubly stochastic matrices arise naturally in the interpolation of operators 
with symmetries under permutations; this is because of Birkhoff 's theorem 
(|10]. |29j ) which states that the set of all doubly stochastic matrices (also 
called the Birkhoff polytope) is precisely the convex hull of the permutation 
matrices. We shall denote by DS{n) the set of all doubly stochastic nxn 
matrices and by DS°{n) the subset of matrices in DS(n) for which all entries 
lie in the open interval (0, 1). In what follows given n numbers si, . . . , s„ we 
let s be the column vector with entries Sj, and Cm be the mth coordinate 
vector. 

The following interpolation theorem plays a crucial role in the proof of 
Theorems 11.11 and 11.21 



Theorem 1.3. Suppose we are given m G {1, . . . , n} and (5i, . . . , (5„ G M so 

that the numbers 5i with i ^ m are not all equal. Let < r < 1, and let 
qii ■ ■ ■ i^n ^ [t^i 00] such that X^ILi ii^ ~ '^"^^ -^^^ ^ ^''^ r-convex Lorentz 
space, and let X = {Xq,Xi) be a couple of compatible complete quasi-normed 
spaces. Let T be a multilinear operator defined on n-tuples of Xq+Xi valued 
sequences and suppose that for every permutation n onn letters we have the 
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inequality 



(8) . . . , /^(„))||y < ll/m||^-^(Xi) n WfiWi'sX^o)- 



Then for every A G DS°{n) and every B G DS{n) such that 

Bsm = {r/qi,...,r/qd)^ 
there is C = C{A^ B, 6, r) so that for s = BA6 and 9 = BAe, 



n 



(9) <Cnil/i||,^^(x,^„^), 



i=l 



for all (/i,...,/n)Gnr=i^':(^e„,,). 



In particular 




(10) iin/i,---,/n)iiF<nii/^ii£'-(x, ^ = -E'^- 



1=1 " 1=1 



Here, and in what follows we write < if the inequality involves an implicit 
constant. For the proof of our restriction estimates only the special case 
is used; it follows from ([9]) by choosing Oij = bij = 1/n for all i, j. 

Relevance for the adjoint restriction operator. One would like to extend the 
proof of the endpoint estimate for the adjoint restriction operator in [6] by 
using weighted Lorentz spaces, but there is the immediate difficulty that the 
real interpolation spaces of weighted Lebesgue or Lorentz spaces may not be 
weighted Lorentz spaces, and other scales of spaces have to be considered 
(cf. the papers by Freitag [22] and Lizorkin |28] on interpolation spaces of 
weighted spaces). 

Let X be a Lorentz space of functions on an interval / (with Lebesgue 
measure), and a positive measurable weight function w on /. Let il[w,A;] = 
{t £ I -.2'' < w(t) < 2^+1}. We define the block Lorentz space bi{w,X) to 
be the space of measurable functions for which 



is finite. These spaces arise in real interpolation of weighted Lorentz spaces 
with change of measure (see [2], [3]). We are not necessarily interested in 
the block Lorentz spaces per se, but use them as a vehicle to prove our result 



The connection with results on it{X) spaces is immediate, namely bi^w, X) 
is a retract of £i{X): Define t : bi{w,X) ei{X) by [i{f)]k = Xn[w,k]f 
and ? : ii{X) bi{w,X) by q{F) = ^,,Xn[w,k]F'k then i and have 
operator norm 1 and <; o i is the identity operator on bs{w,X); moreover 
[i o <i{F)]k = Xn[w,k]Fk- If -^^ is a linear operator mapping bi{w,X) bound- 
edly to a quasi- normed space V then L o q : £s(X) — )• V and if £ is a 
linear operator mapping li^X) to V then C o i b^WjX) — )• V. Analogous 



(11) 




on LP{w)=lf^,(w, LP). 
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observations can be made for multilinear operators acting on products of 
such spaces. Thus Theorem 11.31 implies an immediate analog for multilinear 
operators acting on Yl^sli"^^ -^^1,9^) which will be used in our estimates for 
adjoint restriction operators. 

This paper. In ^ we discuss the optimality of affine arclength measure in 
estimates for the Fourier restriction operators associated with curves. In ^ 
we prove Theorem 11.31 In 21 we formulate geometrical hypotheses for our 
main result on Fourier restriction from which Theorems 11.11 and 11.21 can be 
derived. This result is proved in ^ Theorem 11.11 is proved in ^ In 33we 
make some observations on curves of simple type and prove Theorem 11.21 
In f|8] we give the proof of the partial result for general polynomial curves 
alluded to above. Some background needed for the interpolation section is 
provided in Appendix 1X1 

2. Optimality of the affine arclength measure 

Let T{t) be as in (P). For p > 1 let a{p) = with = ^ (the 

critical a for U' — )• boundedness of Fourier restriction with respect to 
Lebesgue measure in the nondegenerate case). In particular a{pd) = Vd for 

Vd — rf^+rf • 

Proposition 2.1. Let I be an interval and 7 : / — be of class C^. Let 
fj, be a positive Borel measure on L and suppose that the inequality 



(12) ( / \fo^f^U^,] ' <B 



I 



LP' 



holds for all f e LP^^( 

Then fi is absolutely continuous with respect to Lebesgue measure on L , 
so that dfi = uj(t)dt for a nonnegative locally integrable uj, and there exists 
a constant Cd so that 

(13) w(t) < C7d5'^(p)|T(t)|^ 
for almost every t £ I. 

Proof. We argue as in the proof of Proposition 2 in [31] and use a 'Knapp 
example' to see that (fT2]) implies 

(14) / xp{l{t))dfi{t) < Ci(d)i?'^(P)|P|^ 



for any parallelepiped P. Indeed if P = AQ + b where Q = [0, 1]'', b S 
and A is an invertible linear transformation then we choose / so that 
m = exp(-|A-i(e - b)\^). Now |/(e)| > e-d for ^ G P, and ||/||ip,i < 
C2{d)\ det{A)\^/p', and then ^ is an immediate consequence of the relation 
aip)/p' = 2/(d2 +d) and |P| = |detA|. 

We first show that fi is absolutely continuous with respect to Lebesgue 
measure. Let I' be a compact subinterval of I. Absolute continuity follows 
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if we can show that /x(J) < C{I')\J\ for every subinterval J of /' with 
length I J| < 1/2. By the Radon-Nikodym theorem dfi = oj{t)dt with locally 
integrable u (in fact u will be locally bounded by the estimate on /x(J)). 

Fix such a J G I' and let t be the center of J, and let | J| = 2h. Consider 
the Taylor expansion 

d j 

(15) ^^t + u) = Y,\j(^\t) + o{u''). 

j=o ^■ 

Let K = Kt denote the dimension of the linear span Vj of 7'(t), ...^^^'^\t). 
Choose 1 < ji < ■ ■ ■ < JK < d so that the span of 7(ji)(i),...,7(j'^^)(t) 
is equal to Vt and so that for each j = 1, . . . d the vector ^^^\t) belongs 
to span({7('"=)(t), jfc < j}). Choose an orthonormal basis {vk{t)}i<k<d so 
that span({fi(t), . . . , u;(t)}) is equal to sY>ai\{{'^^^'=\t),k = 1,...,/}), for 
1 = 1,. ..,K. 

Then there is a constant C (depending on /' and the bounds of 7) so 
that 7(5), s £ J, belongs to the parallelepiped 

d 

Vcih,t) = 7(t) + {J2CbjVj{t) ■.0<bj< h^} 

i=i 

which has volume 0{h~^~). By (|14p we get 

KJ) < Ciid)\Vcih,t)\^^ < Cid,I\j)\h\ 

which shows the absolute continuity of fi. 

In order to obtain (I13p it suffices, by the Lebesgue differentiation theorem, 
to prove 

1 2 

(16) limsup- / u;{t + u)du<CdB'''-P^\T{t)\^ 

h^0+ " JO 

for every t in the interior of /. In what follows fix such a t and consider the 
Taylor expansion (fTSj) . We distinguish the cases r(t) = and r(t) 7^ 0. 

If T(t) = then Kt < d — 1 and using the orthonormal basis above the 
Taylor expansion can be rewritten as 

K d 

-fit + u) = jit) + Y,iciitW+9iiu,t)u'^)vi{t) + u'^ gi{u,t)vi{t) 

1=1 l=K+l 

where gi{u,t) as u 0. Let p{h,t) = maxx+i<i<d supo<„<ft \gi{u,t)\ 
and 



P{h,t,C) = j{t) + {Y,CbkVk{t) : 



k=l 



<bk < h^'',k = l,...,K;\bk\ < p{h,t)h'^,k = K + I, . . . ,d} . 
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If C is sufficiently large then there is ho{t) > so that ^{t + u) £ P{h, t, C) 
whenever h < ho{t) and < u < h. Also |P(/i,t,C)| < h^'^^+'^'>/^ p{h,t). 
Thus ((ni) yields 

/ w{t + u)du< B'''^Php{h,t)^ = o{h) 
Jo 

and we have verified (jl6jl for the case r(t) = 0. 

If T{t) 7^ we may replace the above orthonormal basis by the basis 
'j'{t),...,-j^'^\t) to rewrite the Taylor expansion as 

7(t + u) = Y^ ^^^^ j^^^ (t) 

j=o 



where limM^o+ \ &j{u,t)\ = 0. Let 



d , 

P{h, t) := 7(t) + {Y.i ^^'^(*) : < 6, < 2h^} . 
i=i 

Then \P{h,t)\ = C3{d)h^\Tit)\ with Csid) = and there is 

ho{t) > so that for h < ho{t) we have 7(i + n) G P{h,t) for < u < /i. 
Thus, by (fT4|l we see that for h < ho{t) 

rh 2 

Lo{t + u)du < Ci{d)B''^Ph{C3{d)\T{t)\)^d 
which yields (fT6|) in the case r(t) ^ 0. □ 

3. Interpolation of multilinear operators with symmetries 

We shall now prove several lemmata involving real interpolation of mul- 
tilinear operators with symmetry that have values in an r-convex quasi- 
normed space V. These will lead to the proof of Theorem 11.31 The reader 
may consult Appendix lAl for some results from interpolation theory needed 
here. 

The following notation, for a couple X = {Xq,Xi) of compatible quasi- 
normed spaces, will be convenient. Set, for < g < oo. 



(17) Xe,, 



Xo, if = 0, 
Xe,g, if < ^ < 1, 
Xi, if^ = l. 

With this notation we formulate a version of Lemma lA. 31 for operators with 
symmetry. 

Lemma 3.1. Suppose r < 1, and 6i, . . . ,5n £ Let {Xq,Xi) be a couple 
of compatible complete quasi-normed spaces. Let T be a multilinear operator 
defined on n-tuples of Xq + Xi valued sequences, with values in an r-convex 
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space V and suppose that for every permutation tt on n letters we have the 
inequality 

n 

(18) ||r(/^(i),...,/^(„))||y < n ll/j|I^J^(Xo) • 

i=2 

Then there is a constant C such that for every doubly stochastic matrix 
A = (aij)i,j=i,...n, for Si = YJj=iO'ij5j, Oi = tti^i, i = l,...,n and every 
permutation tt, 

n 

(19) ||T(/,(i), . . . , /,(„))||y < CJI WfiWer^iXo^^^) ■ 

i=l 

Proof. Because of the permutation invariance of the assumption it suffices 
to prove (fTSl) for vr = id. 

The assumption says that . . . ,(7n]||y is dominated by ||5'7r-i(i) (Xi) 

^ 11^=2 11571-1 (fc)llr (Xo)- This can be rewritten as 



\\T[gi, ...,gn]\\v<Y{ hiWer 



(20) " - ■ — - 

where 0j = 1 if 7r(i) = 1 and 0j = if 7r(i) 7^ 1; 

recall that by definition Xq^^ = Xq and Xi^^ = Xi. Let be the permuta- 
tion matrix which has 1 in the positions (z,7r(i)), i = 1, . . . ,n, and in the 
other positions. Then the conditions Sj = and 9i is as in ()20p can be 

rewritten as s = P-j^S and 9 = P^ei (here the vectors are all understood as 
columns). 

For a doubly stochastic matrix A let T-LiA) be the statement that the 
conclusion 

n 

||T(/i,...,/„)||y <C(^)nil/.ll,j,(x«.„) 

1 = 1 

holds for the vectors s = A6, 9 = Aei. Now (I20p is just saying that the 
statement %[P^) holds. By Birkhoff's theorem every A G DS{n) is a convex 
combination of permutation matrices and therefore the general statement in 
(fT9l) follows immediately from repeated applications of a convexity property: 
Namely, if T-L{A'^) and T-L{A~) hold for two doubly stochastic matrices A'^ 
and A~ then the statement '^((l — 7)^^ + lA~) holds for < 7 < 1. 

We now verify this convexity property. Let A'^ and A~ be doubly sto- 
chastic matrices for which 1-L{A'^) and 1-L[A~) hold, thus we have 



ii5(/i,...,/„)iiy <c(^+)n 



1=1 I * 



\\S{f^,...Jn)\\v<C{A-)\{\\f, 



1=1 » 
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for column vectors = A^6, 6^ = A^ei. By taking generalized geometric 
means we also have 

n 

\\s{h,...jn)\\v<c{A+f-^e{A-r\{{m\;^ mi j 

i=i 4 "t'"- ^ ■'■ 

for < 7 < 1. 

Now let temporarily Wt^ = i\{Xg+ ), and Wi^i = P -{Xq- ). By the 
last displayed formula and Lemma lA.3l we get 



\\S{fu fn)\\v < CCiA+)'-^C{A-r n ||/i||(ty,.o,iv,0... • 

i=l 

By the reiteration theorem we have 

i^e+,r^^e-,r)^,r = ^ {1-^)9+ +^0- ,r' < 7 < 1 , 

and then, by Lemma lA. 41 there is the continuous embedding 
Hence, for some C 

n 

(21) \\S{h,...,fn)\\v<Cl[\\m,. y 

Let = (1 - 7)^+ + 7^" then (1 - 7)5+ + 7sr = E"=i«!j^'5i and 

(1 - -i)ef + 7^r = and thus ^ is just ^((1 - -i)A+ + 7^-). □ 

We shall now apply an iterated version of the interpolation method by 
Christ [I3 to upgrade n — 1 of the n spaces (X^.^r) to ^^(X^.^oo); pro- 
vided that the parameters correspond to doubly stochastic matrices in the 
interior of the Birkhoff polytope, the set DS°{n) of doubly stochastic nxn 
matrices A = {uij) for which all entries lie in the open interval (0, 1). In the 
following lemma we assume the conclusion of the previous lemma and also 
an additional assumption on 6. 

Lemma 3.2. Suppose n > 3, < r < 1, and 61, . . . ,6n G Assume that 
there are two indices ii,i2 with 2 < ii < i2 < n so that 7^ di^- Let Xq, 
Xi he compatible, complete quasi-normed spaces and let T be an n-linear 
operator defined on n-tuples of Xq + Xi-valued sequences, with values in an 
r-convex space V . Suppose that for every A G DS°{n) there is C{A) such 
that 

n 

(22) ||r(/i, . . . , /„))||v < C{A) n 

i=l 

whenever a = A5, jl = Aei . 
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Then for every A G DS°{n) there is C{A) such that 

n 

(23) lin/i, ...Jn)\\v< n Wf^Wir^xe^,^) 

^ i=2 

with s = Ad, 9 = Ail. 

Proof. Let A £ DS°{n), and let 2 < A; < n + 1. Let Tin+iiA) denote the 
statement that (I22p is true for a = A6, p = Ae\. 

Let Un+x denote the hypothesis ([22]) for all A £ DS°{n). For 2 < k < n 
let 7ik{A) denote the statement that there is C depending on A so that the 
inequality 

fc— 1 n 

(24) ||r(A, . . . , /.)l|y < c( n (n 

1=1 i=k 

holds for all (/i, . . . , fk-i) G nti^ ^S,(X,,,,), {f^, ...,/„) G Utk (-TMe^^oo), 
under the condition s = A6, 9 = Aei. Let Hk denote the statement that 
TikiA) holds for all A £ DS°{n). 

We seek to prove 7^2- In what follows we thus need to show for 2 < k < n, 
A £ DS°{n) that Hk+i implies 7ik{A). We assume in our writeup that 
k < n — 1 but the proof carries through to cover the initial case fc = n if we 
interpret 1 • • • 1. 

Assuming Hk+i we shall first prove a preliminary inequality 'H^'^\A), 
namely 

(25) ||T(/i,...,/„)||y < 

fc— 1 n 

i=l i=k+l 

We denote by H^^'' the statement that 'H^^\A) holds for every A £ DS°(n). 

Proof that Hk+i implies T-L^^^ Fix A £ DS°{n) and let e > with the 
property that all entries of A lie in the open interval (2e, 1 — 2e). We define 
two n X n matrices A~^ = ^"'"(fc) and A~ = A~{k) by letting 

if (/x,i.) ^ {(l,l),(l,fc),(fc,l),(fc,fc)} 

(26) a^^={a^^±e if (/x, i^) = (1, 1) or = {k,k) , 
a^^=Fe if = (1,^) or (^u, i/) = (fc, 1) . 



It is easy to see that A"^ belong to DS°{n). Also if s = A6, 9 = Aei, and 
= # = A±ei, then .sf = Si i ^ {l,fc}, sf = si ± £{5i - 6k), 

= Sk±e{6k-Si), moreover 9i = 9f \ii ^ {l,k}, 9f = 9i±£, 9^ = 9k^e. 
We interpolate the linear operator given by 

(27) Lkg = T(/i, . . . , fk-i,g, fk+i, ■■■Jn) 
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using the real interpolation K^^q method with parameters ■!? = 1/2 and 
q = oo. Since 6^ ^ 6'^ we have by Lemma lA.41 and the reiteration theorem 

Thus we obtain by interpolation of L}^ (using 'HkJ^i{A^)) 

k-l 



|in/i,---,/n)l|y <cn(ll/.ll,?.X. 



i=l 



X 



=fc+l 



By Lemma IA.3I and the reiteration theorem we get 



|in/i,---,/n)l|y < 

fc— 1 n 

c\]J\\fi\\ir^(Xe^^^))\\fk\\er^^Xe^o,){ n ll-^*ll^?°(Xe^.oo);- 
1=1 i=k+l 

This finishes the proof of the implication Tik+i =^ 71^^^ 

Proof that T-i^'^^ implies Tik- Fix A G DS°{n) and let e > so that all entries 
of A lie in the open interval (2e, 1 — 2e). We define two n x n matrices A+ 
and A~ (depending on k and different from the ones in the first step) by 
letting 



(28) a 



± 



Of^u if (/",i^) ^ {(l,n), (1,^2), {k,ii), {k,i2)} 

a^u±e if (/i,i/) = (l,ii) or (/i, i/) = (A:, 12) , 
a^u^e if (/i,i/) = (A;,ii) or (/x, i^) = (1, ^2) • 



Then A"*" and A~ are in DS°{n). It is important for our argument that the 
first column of A^ is equal to the first column of A. Let = A^6, s = A5; 
then sf = Si for i ^ {1, k] and sf = si ± {5i^ - 5i^), s"^ = Sk± {Si2 - Si^), so 
that by the assumption 61-^ 7^ we have s^ / and s^ is the arithmetic 
mean of and s^. Moreover sf = Si if i ^ {l,k}. 

We interpolate the linear operator Lk as in ([27|) . This time we use 
'HY'^\A^) and the formula 

(29) (f +(X,„,o),^:-(Xe„oo)) 1,^ = Q{Xe,,oo) 

which is a special case of formula (j89p in the appendix. This yields 

iin/i,---,/n)iiv< 

k—l n 

i=l "i i=k 
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By Lemma IA.3I and the reiteration theorem we also get 



fc-1 : 
||T(/i, ...Jn)\\v< C'{j{m\,,^(X,^^^)){\{\\h 



i=l i=k 

which is TikiA). □ 

We are now in the position to give the 

Proof of Theorem 11.31 We first reduce to the case m = 1. If vr denotes 
the permutation that interchanges 1 and m, with 7r(i) = i for i ^ {l,m}, we 
define 

(30) Tjr[/i, . . . , /„] = T[/^(i), . . . , 

If T satisfies the assumptions of Theorem 11.31 then T^^ satisfies the assump- 
tions with the choice m = 1 and the parameters {di, . . . ,5n) replaced with 
((5^(]^), . . . , (5^(„)). By symmetry we get the statement for T from the state- 
ment for Tt^. 

After this reduction we may assume m = 1 in what follows. Let A G 
DS°{n). For any B G DS{n) let T-Ia{B) denote the statement that there is 
C > so that the inequality 

n 

m/i,...,/n)lly<cnil/^M(X.,„.) 

i=l 

holds for all (/i, . . . , /„) G IlILi ^^K^e.^gJ, under the condition that 

/ r/qi\ 

s = BA6, e = BAei, : = Bei . 

\r/qnj 

As an immediate consequence of Lemma I A. 2 1 we see that given A G DS°{n) 
the matrices B satisfying T-La{B) satisfy a convexity property, namely, if 
rLA{B^^^), rLA{B^^^) hold for E DS{n), B^ g DS{n) then for < 
i9 < 1, = (1 - 'i?)5W + ^BW the statement 'Ha{B^'^'^) also holds. By 
Birkhoff's theorem T-La{B) holds for all B £ DS{n) once we have shown it 
for all permutation matrices. 

For this we first apply Lemma 13.11 and then, by the conclusion of that 
lemma we can apply Lemma [3.21 to the multilinear operators T^^ in (]30p . As 
a consequence there is, for every A £ DS°{n), a constant C{A) so that for 
Sj = X^j=i CLij^j, Gi = o-i,! and every permutation vr 



(31) ||T(/^(i),...,/^(„))||y < C'll/lll£r^(Xg^,,)nil-^*ll^-(X9^, 

1=2 



It is straightforward to check that this conclusion is exactly statement %a{P) 
for all permutation matrices P. □ 
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4. Hypotheses for the restriction theorem 

Given a parameter interval / we shall consider a class <t of vector valued 
functions 7 : — )■ M*^ of class defined on subintervals of /. For every 
7 G C the restrictions of 7 to subintervals of Jj will also be in C 

Definition, (i) Let J be an interval and let k, = {ki, . . . ,K(i) so that ki < 
K2 < ■ ■ ■ < , — Ki < \ J\ and one of the coordinates Kj is equal to 0. 
Let J'^ = {t : t + Ki ^ J, t + ^ J}. Then given a curve t 1— )• 7(t) G M*^, 
t G J we define the K-offspring curve 7^ on J" by 

d 

lK{t) = ^7(t + 

i=i 

(a) Let T = be as in We denote by the corresponding expression 
for the offspring curve, i.e. 

d d 
^7. = det ( 5^ 7'(i + /^,), . . . , 7^^^^ {t + /^i)) • 

Let 

(32) Q='^^ 

so that Q = p'li with pd as in ([2]) . For 7 G £ defined on / we shall consider 
the adjoint operator 

£n^f{x) = I e-'<^'^'^'^U\t)w{t)dt 



with w{t) = w^{t) = |r^(i)p/*^'^^"'"'^) and then examine the L^{w;I) — ^ 
^Q,oo(]^d) operator norms (here we work with a fixed equivalent norm on 
L'3'°°(M'^)). We consider LQ'°°(M'^) as a normed space, the norm being 
= sViVt>Qt^^^h**{t) where h** is as in ^ with p = 1. We also 

continue to use ||/i||£,q,oo = sup a(meas({|/i| > a}))^/*^, the usual equivalent 
quasinorm (and the constants in this equivalence are independent of the 
measure space). 

We shall make the a priori assumption that 

(33) B = B{€):=snv sup ||f^/||2Q,oo 

ll/II^Q(„^,<i 

is finite and the main goal is to give a geometric bound for the constant 
B. We remark that the finiteness of B has been shown in [6] for certain 
classes of smooth curves with nonvanishing torsion. Once a more effective 
bound for B is established one can prove Theorems 11.11 and 11.21 by limiting 
arguments. 

We now formulate the hypotheses of our main estimate. Two of them 
were relevant already in [20j . |21j . 
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Hypotheses 4.1. Let (t be a class of curves with base interval lo- For 7 E C 
defined on I C lo let 

(34) E = {{ti,...,td) :ti£l, tael, ti < t2 < ■ ■ ■ < t^}. 

(i) There is Ni > 1 so that for every 7 G C the map : -E — )• M"^ with 

d 

(35) $^(ti,...,trf) = ^7(ij) 

i=i 

is of multiplicity at most Ni . 

(a) Let denote the Jacobian of 

J$^(ti,...,td) = det (7'(ii),...,7'(irf)). 

Then there is Ci > such that for every {ti, . . . ,td) S I'^ with ti < ■ ■ ■ < t^ 
we have the inequality 

(36) |J*^(ti,...,td)| > ci(j|r-^(ti)) \[ (tk-tj). 

1=1 l<j<k<d 

(Hi) Every offspring curve of a curve in C is (after possible reparametriza- 
tion) the affine image of a curve in C 

(iv) There is C2 > so that for every 7 G (J and every offspring curve 7^ 
0/7 we have the inequality 

(37) \T'~fi^{t)\ > C2 max |r^(t + «;,')| . 

j=l,...,d 

Inequality (|37|l is a strengthening of a weaker inequahty which was used 
in [20], 0, 0, namely 

(38) K(t)i>nK(*+s)r/'- 

The stronger inequality allows us to replace the geometric mean on the 
right hand side of ([38]) by generalized geometric means 0^=1 k7(^ + ^j)^^ 
for nonnegative r/j with — ^- Onr main result is 

Theorem 4.2. Lei £ 6e a c/ass of curves satisfying Hypothesis \4-l\ and 
B{(t) < 00. Then 

(39) B{^)<Cid,Ni,q\q'). 
For an explicit constant see ([57|) below. 

5. Proof of Theorem 14.21 
Let w = define the affine arclength measure of 7. We start with 
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Observation 5.1. If j €z <t is defined on I and w is a nonnegative measur- 
able weight satisfying w{t) < w{t) then there is a constant C such that 

i/Q 



\£i,f\\^c,,^^^,^<CB[jU{t)\'^mdt 



Proof. One can use a duality argument (as in the submitted version) to 
deduce the claim from 11? o 7||/,q'(^) < 11^ ° 7llLe'(to)- '^^^ referee suggested 
a simpler and more direct argument: Write w = hw where < /i < 1 and 
use that £^f = £w{hf) and < h. □ 

We aim to prove estimates for the d-linear operator M. defined by 
d 

M[fi,...,fd]{oo) = ll£wfi{x) 

i=l 

d 

fj{tj)w{tj)] dti... dtd 



Denote by V{ti, . . . , t^) = ni<j<j<(i(*j ~ ^he Vandermonde determinant 
and let, for / £ Z, 

El = {(ti, . . . , id) e : 2-'-i < \V{t)\ < 2-'}. 
Following the reasoning in [1], [6] for the nondegenerate case we decompose 

= EzGZ where 
(40) 

„ d d 

Mi[fi,...Jd]ix)= / expi-i{x,^j{tj)))ll[f,itj)w{ti)]dti...dtd. 
•'^i j=i i=i 

An important ingredient is an estimate for the sublevel sets of the restric- 
tion of V to M"'"-'^, namely 
(41) 

meas{{{hi,...,hd-i) : \hi---hd-i\ JJ \hj - hi\ < a}) < CdO^^''' 

l<i<j<d-l 

where the measure is Lebesgue measure in M"^^^. This was proved in [20] 
(c/. also the exposition in [6]). 

Lemma 5.2. (a) Let pi G [2,oo] he such that Yli=iP7^ ~ ^/'^- Then 



(42) \\Mi[fu . . . , fdWk^ < (iVi/ci)i/22'^ n II/, 



d 

2 -I— r II . 3-d 

It; 4 II . 

"Pi 

1=1 



(h) Let rji G [0, 1] so that ^1^=1 Vi = 1; ^'^'^ Qi such that Yli=i Qi^^ = ^/Q- 
Then 

d 

(43) \\Mi[fu...,fd]hQ^^<Bc,'/'^2-''/'Y[\\f,w'-^\\^^. 



i=l 



AN ENDPOINT ESTIMATE WITH AFFINE ARCLENGTH MEASURE 17 
Proof. For every permutation tt on d letters set 

= ■■■ jtd) ■ *7r(l) < • • • < t^{d)}- 

By assumption the map $ : (ti,...,td) ^ Yli=ili'^i) bounded mul- 
tiplicity dlNi on Utt-B"^. We apply the change of variable, followed by 
Plancherel's theorem, followed by the inverse change of variable to bound 

^ J El \J^[tl, ■ ■ ■ ,td)\- 

By our assumption pUj) . the right hand side is dominated by 

dh... dtd \ 1/2 



(Ni [ \f\fi{ti)w{U 
^ t=i 



d+l 



did \ 1/2 



\v{t)\ 

The sublevel set estimate (j4ip with a = yields 



(/ in«(t 

J El 



2 dti... dtd\^/2 ,ct:2 t-^ 

i=l 



\vit)\ 



By symmetry we get a similar statement with the variables permuted and 
then by complex interpolation also 

d ,, ,, 1 /o d 

(44) 



OC I T-r / s i2dt^ . . . dtd\^/'^ ^ ;d-2 -i-r ,, ,, 



3-d 



where Yli=iPi ^ — 1/2- If we apply this statement with gi = fiW 4 we 
obtain 

To prove ([13|) it suffices to show that for fixed (t/i, . . . ,7]^,) with rji > 
and = 1 

d 

(45) ||A^^[/i,...,/d||,^Q,o. <ec-'/'32-2Vrf||/V-i^||Qnil/^^'"^^ 

Once this inequality is verified, we also get, by the symmetry of A^;, the 
bound Bc2^^'^2-'^^/'^\\fmW^~^\\QYl-_,^ \\fiW^~'^\\oo and then the inequal- 
ity (j43p follows by complex interpolation. 
Let, for any permutation vr on d letters 

Ef = {{h, ...,td)£l'': < • • • < 2-'-i < Vih, ...,td)< 2-'}. 

To prove (|l5|) we split M.i = MJ^ where 

„ d d 

M[[h, . . . , fd]{x) = / eM-i{^,y,litj)))T\[Mti)w{ti)]dh...dtd. 
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We need to bound ||7V4f [/i, . . . , /d]||L<?.°° by the right hand side of (fi5]) . 

Now let V = 7r~^(l) and let Hy be the hyperplane . . . , k^) : Ky = 0}. 
We change variables 

s = ti, Kj = t^(^j) - ti, ii^v 

hence = s + Kjr-i(i), i = I,. . . ,d, and thus ti = s. Note that with this 
identification 

\V{S, S + K^-l(2), . . . , S + K,r-l(rf))l 
d 

1=2 2<i<j<d ij^u l<i<j<d 

and Ej=i7(s + Kvr-i(j)) = 7('S) + Ei^,. 7('S + 

If / = [ol, a^j] we define I*^ = [a/, — ki, ajj — k^] and 

DJ' = {k : Ki < K2 < • • • < Krf, K,^ = 0, - Kl < a/J - Ol, 

Let dm^ denote Lebesgue measure on Hy (in d — 1 dimensions). Let, for 
K e Hy, denote by 7^ the offspring curve 7^(5) = 7(s) + Ei^z/7('S + i^i) = 
Ei=i7('5 + ^i)- Then 

(46) Mf[/i,...,/,](x) = / / exp(-i(x,7.(s)))x 

/7r(z.)(s)«^(s) n^-^'^W^'^ + + '^i)] dsdm^^{K) . 

Let 

the weight for the affine arclength measure associated to 7^. By assumption 
the offspring curve 7^ is (after possible reparametrization) an affine image 
of a curve in the family C Thus, by affine invariance and invariance under 
reparametrizations we have the inequality 

/ exp{-i{-,'y^{s)))g{s)w^{s)ds <S\\9\\lQ(w^)- 
By hypothesis dST]), and Yfi=i Vnii) = Yfi=i = 1> 

2 d 
i=l 
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By Observation 15.11 we then also have 

2 d 

1=1 

<b(^[ \g{s)\'^cf^'llw{s + K,)^-(^)ds 
We apply this with 



i/Q 



(01 



and, using the relation ^^^^ (^ — 1) = — ^, we arrive at 



(47) 



IK 



eM-'^{-,lK{s)))G^{s)\{w{s + Kif-'-^Hs 

i=l 

\G^{s)\'^\[w{s + K,f-^^Hs 
i=i 



i/Q 



Now use the triangle inequality for an equivalent norm in the space 
and apply the analogue of the integral Minkowski inequality to get 



< 



f f e'^-'^-^'^'^G^(s)Y\w(s + K,)'^-(^)ds\ dm„JK) 



Y\w{s + Ki)^''^^') dsj dm^^{K 



i/Q 



i=l 



which is 



i/Q 
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By ([1T|) we have i'^'i) ^ 2^^'/^^. Thus the last displayed quantity is less 
than a constant times 

i=2 

and (j45p is proved. □ 
Lemma 5.3. Let qi G [(5,oo], pi G [2,oo], i?j G [0, 1] satisfy 



Let 



1 d- 2 1 4 1 

(48) - = :^- + 



Pi d + 2qi d + 2 p, 



(49) ft = 4^fl-^U'"' 



(i + 2V QV d+2 
Then Yli=iP7^ ~ d/Q, Yli=i A — d/Q, and we have 

d 

(50) \\M[fu . . . , fd]\\LQM.^ ^ n i^,Ln,^) 

Pi 

i=l 

with 

(51) C = (iVi/ci)^c^'^. 

Proof. We may interpolate the bounds and the L^'°° bounds for M.i 
to get a satisfactory estimate for the jj^l'^^^ norm of each A^/ but the 
resulting estimates cannot be summed in I. We use a familiar trick from 
[TT] . estimating YjI -^i using the bound (gS]) for 2' < A and the bound (03]) 
for 2' > A, for A to be determined. For fixed a > we need to estimate the 
measure of Ga = {x : |A4i[/i, . . . , /Jl > 2a}. By Tshebyshev's inequality, 

meas(G„) < ^ Mi[fu . . . , fd]\\l + a-«|| ^ Mi[fi, fM^,^ 

2'<A 2'>A 

and applying Lemma 15.21 we obtain 

(52) meas(G„) < a'^A^T^ + a-^A-^Q/'^A'^ , 
with 

r:=(iVi/ci)^/^n||/.u;^||^. A:=Bc,'/^llUw'-^l. 

i=l 1=1 
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We choose A so that the two expressions on the right hand side of (|52p 
balance, i.e. A = (a'^-Qr'^ / A'^)<'-^+^Q . This leads to the bound meas(GQ) < 
(a-iA^r^)^™^ and we have j^+^^g = ^ for Q = iiJftl. Thus 

\\M[fi,--- ,/d]||iQMoo <Cfi^A^rHT2 

with C as in ()5ip . 

By Lemma IA.3I the previous display implies that 

d 

(53) \\M[h,--- <c^^nil/*llr_^ 

where the interpolation space refers to the couple with 

= b\_,,{w, L'^^ ) , = b\., {w, ) . 

QT 4 

Since the block Lorentz spaces are retracts of sequence spaces (c/. the dis- 
cussion following (fTTj) ) the formula (pUj) implies the continuous embedding 

We apply this with i? = 4/(d + 2). Then if pi, f3i are in (08]), (gO]) the usual 
interpolation formula for Lorentz spaces gives 

d+2 

and it follows that bj^.^w, L^^'^) is continuously embedded in 5^/(^+2), i- Now 
(1501) follows from ([51. ' □ 



As stated above the conditions (jl8|) . ([19|) give X^iLi ~ Yli=i ft = 
In particular we may choose pi = Q and /3i = 1 /Q and this choice yields an 
estimate for /j G b\^Q{'w, L^'^), in particular (after setting all fi equal to /) 



(54) ||f^/||iC,,oo<Ci/'^S^ 11/11,1 



i/Q 



However we need a better estimate for fi in the larger space b^iQ{w, L^) = 

L'^{w). In what follows write b^{L^) = b^{w,LP) as the weight w will be 
fixed. 



Proof of Theorem \4-^ cont. We choose n > Q and estimate the n-linear 
operator 

n 

T[fu...,fn]=ll£n^fi 

1=1 

in L^''°° where r = Q/n < 1. 

For every permutation vr on n letters we may write 

n 

T[fl, ■ ■ ■ , fn] = M[f^(^l), . . . , f^^^d)] Y\. 

i=d+l 
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Notice that by Holder's inequality for Lorentz spaces 
(55) 

n 

i=d+l 

We apply Lemma [53] for special choices of the parameters qi, pi. Let 
be a small parameter (say |//| <C (10Q(i^)~^), put pi = 2d, i = 1, . . . , d, let 

i_ - J_ ^ + 2 

93 ^ d — 2 ^ 

1 1 d + 2 

^2 Qd n — 2 

1 1 , n-l 

gi Qd n — 2 

and set Q'd = ••• = g's. Then Yli^ili^ = and qs < q2 < Qd < qi 

if /i > (for /i < these inequalities are reversed). Now by psj) . = 
3^1'?^"' + imT) and since Q = we have + ^l:^ = | and thus 

= + {q~^ - (Qd)-^)^. Hence = ■ ■ ■ = and 

1 1 

P3 Q 

1 1 d-2 
P2 Q n - 2 

1 1 , , ,n - 1 

- = 7:-Md-2) -. 

Pi Q n - 2 

Then Yli=iP7^ — d/Q, moreover p^ < p2 < Q < pi if p > 0. A crucial 
property of our choices is 

1 d-2 1 n-d I 
(56) - = — + 



P2 n-2p3 n-2Q 

Let /3j be as in (jl9]) (with r]^ = • • • = rjd and the choice of r/2 and r/3 to be 
determined later). With these choices we use (I55p . and apply (I50p for the 
term involving A4 and (j54p for the remaining n — d terms. This results in 



\T[fl, . . . ,/„]||l>-,°° < B'i+^ 11/77(1) llfei^(LPi'i)ll/7r(2)ll6i^(LP2,l) 



d " d 2 

j=3 i=rf+i 
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Now fix the first two entries and take generaUzed geometric means of these 
estimates to get 



" d-2 n-d 

X n [ll-^^wll6X'(LP3>i)ll/^Wllbi"%L«>i)]- 



i=3 

By (j56p . and Lemma lA.31 we get 

||T[/i, . . . J„]||l.,^ < CS^(C^S^)"-1/^(i)Li^(iP,a)||A(2)|l6i^ 

ri 

X n ll/^«ll(feL(L''3.i),fei (Le,i))„_, . 

The constant simphfies to (Ci3^+2 )"/'^. By Lemma [A.4I and a trivial embed- 
ding for the first two factors we also get 

• • • 5 /n] ll^r.cx) ^ 
d 2 

(Ci3d+2)"/'^||/^(l)||fer^(iPl,r) 11/^(2) ||br^(LP2>'-) 1 1 /tt© 1 1 6J 



where (5i = /3i, (52 = /32 and 



d-2 ^ n-dl 
:/53 + 



" n-2' n-2Q 

We may choose r/2,?73, so that ^2 7^ (53. This is needed for the application of 
Theorem O We choose Xq = W^'^, Xi = L^^'^ and by the conclusion ^ 
of that theorem we obtain 

n 
i=l 

with s = ^{61 + 82 + {n — 2)6s). Now r = Q/n and s = 1/Q since 

r r / ^\ f ^ - 2 ^ 71- d 1 

5. = 5i + 52 + (n-2)(— ^/33 + ^^ 

77 — 

= /3i+/32 + (d-2)/33 + -^ 

E'^ / d-2 r/t , 3 - (i \ n - d 

W + 2^ Q'^ d + 2; Q 

z=l 

d — 2 1 (i(3 — (i) n — d d n — d 
^J+2^ ~ d + 2 ^ Q ^Q^ Q • 

Also + = i and thus (Xq, Xi)i/„,„, = (LP^--, LP^'Ol/n.nr = LQ, 

and therefore h^iw, (Xq, = b^^Q{'w, L'^) = L'^{w). 
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Take /i = • • • = /n = / and since 
we get < (Ce^)"/'^ or B< C^/dBWVT) ^ ^nd this finally implies 

d+2 

(57) B < C{d)C^^^^ 

where C is as in ([5T]) . □ 

6. Proof of Theorem 11.11 

The crucial idea, due to Drury and Marshall [21] , is to use an exponential 
parametrization. Fix R> Ir = [0, i?] let 6 = . . . , hd) € M"^, bi / 0, 

and let ^h,R be the class consisting of and restrictions of F^ to subintervals. 

The objective is to prove the bound \\8wf\\LQ,oc < C{Jf^ \f{t)\'^w{t)dty/^ 
with a constant independent of b and R. This inequality is trivial if some of 
the hi coincide since then w = and thus £w = 0. When the bi are pairwise 
different a priori we at least know that the quantity B{€b^R) is finite, but 
with a bound possibly depending on b and R. To see this one may apply the 
result of |6j since the torsion r is positive and F^ is smooth on the compact 
interval Ir. 

We need to check Hypotheses 14.11 Most of this work has already been 
done in [21]. If we form the K-offspring curves 7^ (see the definition in 
then 7k (t) = l{'t)E{n) where E{k) denotes the diagonal matrix with entries 

d 

3=1 

and thus is an affine image of a curve in C The bounded multiplicity 
hypothesis is valid by the discussion in [2Tj, p. 549 (this goes back to a 
paper by Steinig [36]). The crucial inequality (j36|) has already been verified 
by Drury and Marshall who proved the relevant 'total positivity' bound in 
|21j . p. 546; cf. also jl6J for an alternative approach. The constant ci is 
independent of b and the estimate holds globally. 

It remains to verify the second main assumption, inequality ([37]). We 
recall from |21] . [6] formulas for the torsion T{t) = Th{t) of F''(t): 

d 

\n{t)\ = \V{bi,...,bd)\ exp {t^b.y 

i=i 

where V{bi, . . . ,bd) = Y\i<i<^j<d(.^j ~ ^i) is the Vandermonde determinant. 
For the torsion of the offspring curve 7^ we have 

d d 

Mt)\ = \V{bi,...,bd)\ exp(t^6,)n^n(A^). 

j=i i=i 
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Since Eh^k) > exp(6j«;j), for 1 < j < d, we have 

d d d 

Eii{K) > exp{biKj) = exp (^kj ^ ftj^ . 

1=1 i=l i=l 

Therefore, it follows that 

\rjAt)\>\r{t + Kj)\, l<j<d, 

and (I37p is proved with C2 = 1- Now Theorem 14.21 gives a uniform bound for 
the classes Cfe^R and letting R — >■ oo, we also get a global result. To prove the 
asserted result for monomial curves on [0, oo) we consider the intervals [0, 1] 
and [l,oo) separately, introduce an exponential parametrization on each 
interval and use the invariance of affine arclength measure under changes of 
parametrizations. □ 

Remark. The sharp LP — L'^ estimates for monomial curves in our earlier 
paper [6j have been recently extended by Dendrinos and Miiller |16j to cover 
small local perturbations of monomial curves. In their setting they prove an 
analogue of the geometric assumption ()36p ; moreover. Lemma 2 and Lemma 
4 in [16] show that a variant of the above calculation remains true and ()37p 
continues to hold (although no global uniformity result is proved in this 
setting). One can thus obtain a local analogue of Theorem 11.11 for pertur- 
bations of monomial curves. As a consequence one also gets an L^"^'^ — )■ L^'' 
endpoint result for every curve of finite type, defined on a compact interval, 
and the estimate is stable under small perturbations. 



7. Curves of simple type and the proof of Theorem 11.21 

As observed in [20J some technical issues in the restriction problem with 
respect to affine measure become easier for classes of curves of simple type 
on some interval /, namely 7 G is supposed to be of the form 

/ t^ f^-^ \ 

(58) = i*'^'---' (d^:T)T''^^*v' 

In this case T(t) = 4>^'^\t). Moreover, because of the triangular structure of 
the matrix defining the torsion, the torsion of the offspring curve is easy to 
compute. We get 

d 

i=i 

Consequently, the verification of condition (j37p is often trivial: 



Observation 7.1. Let 7 be as in ([58]) and assume that on an interval I the 
function (j)^'^^ is of constant sign. Lett + Ki, t + Kd S /. Then condition (137p 
holds with C2 = 1. 
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Indeed, for I < j < d, 

d 

|r^Jt)| =d'^-i|^(/,W(t + K,)| >d^-i|</.W(t + Kj)| =d'^-V(* + '^i)l 

i=l 

SO that dnZl) holds. 

In contrast, the verification of our first main hypothesis (j36p can be hard. 
The inequaUty on suitable subintervals has been verified for polynomial 
curves {Pi, . . . , Pg^) by Dendrinos and Wright [T7j, and their argument is 
of great complexity. An extension to curves whose coordinate functions are 
rational has been worked out in [H]. Below we give a rather short argument 
of (|36p for the case of a polynomial curve of simple type. In this case one 
can prove an estimate which is slightly stronger than ()36p . 

We finally remark that both ()36p and (by the observation above) ()37p 
hold for a class of 'convex' curves of simple type considered in [7]. This class 
also contains nontrivial examples in which the curvature vanishes to infinite 
order at a point. 

Jacobian estimate for polynomial curves of simple type. The strength- 
ened version of (j36p for simple polynomial curves is 

Proposition 7.2. Let j{t) = (t, g, . . . , ^gyy, Pfe(t)) , Pfe(t) = Ef=objt^ ■ 
Put 

J{t,K) = |det(y(t + Ki),--- ,7'(t + Krf))| 

where ki < ■ ■ ■ < k^. Then M is the union of C{N, d) intervals In such that 
whenever t + ki, t + G In, we have 

(59) J{t,K)>c{N,d)\V{K)\max{\(P^'^\t + Kj)\: 1 < j < d}; 
here V{k) = ni<j<j<d('^i ~ i^i) '^"-^ c{N, d) > 0. 

We begin by proving an auxiliary lemma where the polynomial assump- 
tion is not used. 

tdf 



Lemma 7.3. Let <f> € C (M) and let Jd{si, . . . ,Sd',(t>) denote the determinant 

3 



of the d X d matrix with the j-th column (l,Sj, . . . ,s^~^/((i — 2)\,(l)'{sj))'^ 
Then for — oo < si < • • • < Sd < oo, 

(60) Jd{si,...,Sd;(j)) = (j)^'^>{u)^{u;si,...,Sd)du 

J Sl 

where ^ = satisfies 

(61) 0<^{u;si,...,sd) < ^^'^^■■■^''^^ for aUu€[si,Sd] 

Sd - Sl 

Proof. We will follow the arguments in [7j. We first show that 

(62) Jd{si,...,Sd;4>) = I ■■■ Jd-i{(Ti,...,ad-i;(l)')dad-i---dai. 
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To prove this we first note that since a determinant is zero if two columns 
are equal, we have 

Jrf(si, . . . ,Sd;(l)) = - / diJd{ai,S2, • • • , s^; 

J Sl 

/S2 rsd 
■■■ dd-i---diJdicri,...,(Td-i,Sd;(f>)dad-i---dai. 
-1 -Jsa-i 

Now dd-i ■ ■ ■ diJd{(Ji, . . . , (Td-i, Sd', (p) is the determinant of a matrix with 
the first row (0, . . . , 0, 1), and one easily checks that 

dd-i ■ ■■diJdicTi,. . .,ad-i,sd; (p) = {-l)'^^^Jd-iicri, . . . , crd-i; 0')- 



Combining the two previous displays yields (j62|) . 

We now wish to iterate this formula. It is convenient to denote by 
j;™- = (x™, . . . , x^) a point in M"* with < • • • < (i.e with increasing 
coordinates). We shall set (si, . . . , Sd) = {xf, . . . , x^) = x'^. For 1 < A; < d—2 
define 

J{d-k{x'^'''^^) = {x'^-^ G R"^-^ : x^^-^+i < x'^-'' < x'^j-'l+\ l<j<d-k}. 

Note that if the coordinates of x'^^^^^ are increasing in j then for every 
^d-fc g "Kd-k the coordinates of x'^~^ are increasing. The formula (j62p can 
be rewritten as 

Jd{x''-A)= I Jd-i{x''-^-A')dx"-\ 
Induction gives, for \ < k < d — 2 

Jdix''; 4>)= I ■ ■ [ Jd-kix^-'^'; dx^-'^ • • • dx^-' . 

We also have 

Hence, if 

%u[x'') = {[x\x\--- 

x\<u< x\, x'^-^ e 'Kd-kix'^-^^^), \<k<d-2} 

and 

^(u\x'^) := [ dx^dx^ ■■■dx'^-^ 

we get 

J^(x'^;0)=/ ^('^){u)^{u;x'^)du. 

Jxf 

lix'^ = (si,...,Srf) this is ([60]). 
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Observe that, for each u G the set 9u{x'^) is contained in the 

rectangular box 

B2{x'') X ■ ■ ■ X Bd-lix'') 

where 

Bd-kix'') = {x''-'^ e R''-' : x'^ < xj-'^ < l<j<d-k}. 

Since 

d-k 

YoU-k{Bd-k) = ll{x'j+k-x'^) 

it follows by rearranging the factors that 

d-i 

^{u;x'^) = meas(9«(x'^)) < J] volfc(Bfc) 

k=2 

= n i^d-xf) n {x'^-xf) = {xi-xi)-'v{xi.-- ,xi). 

2<i<d-~l l<«<j<rf-l 

This proves (j6T]) . □ 

We also need the following observation on polynomials. 

Lemma 7.4. Let p be a real-valued polynomial of degree < N and \p{t)\ > 
on {a,b). Then, for every e € (0,2~^), 

(63) \{t G (a, 6) : \p{t)\ < e|p(6)|}| < 2Ne'^{b-a). 

Proof. To show ()63p we check that for c G M and < (5 < 1/2 we have 

(64) \{t e (a, 6) : |t - c| < 6\b - c\}\ < 2d{b - a). 

If 6 < c then \t - c\ > \b - c\ ii t £ [a,b], so {t G (a, 6) : |t - c| < 5\b-c\} = 
since (5 < 1/2. li a < c < b then 

|{t G (a, b):\t-c\< 6\b - c\}\ < 26\b - c\ < 26{b - a). 

If c < a < 6 and |a — c| <b — a then 

\{t G (a, 6) : |t - c| < (5|6 - c|}| < 5|6 - c| < 25(6 - a). 

And if c < a < 6 and |a — c| > b — a, then if t G [a, 6] we have |t — c| > 
\a-c\> {\b-a\ + \a-c\)/2 = \b-c\/2, so {t G (a, 6) : |t-c| < (5|6-c|} = 
since 6 <l/2. This gives ([61]) . 

Moving towards (j63p . we may normalize the leading coefficient and write 
Pit) = U^2iMt)Ufli<lj{t) where p^{t) = t - c,, qjit) = {t - djf + e], 
Ci, dj,ej G M, and A^i + 2A'^2 ^ To establish (j63p we show that 

(65) \{t G (a, 6) : |g(t)| < 5|(?(6)|}| < 2^/^(6 - a) 

if < 5 < 1/2 and q{t) = t - c or q{t) = (t - + d^. The case q{t) =t-c 
follows from If g(t) = (t - c)^ + then 

{i G (a, 6) : g(t) < 6q{b)} C {t e [a, b] : \t - c\ < V6\b - c|} 
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SO 

\{t G (a, b) : q{t) < 6q{b)}\ < 2V6{b - a) 

by (i64|l . This gives (f65l) . Finally {t G (o, ^) : \p{t)\ < e\p{b)\} is contained in 
the union of the Ni sets {t £ (a, 6) : \pi{t)\ < e^/^^^+^^'>\pi{b)\} and the iV2 
sets {t G (a, 6) : < e^/^^^+^''^\qj{b)\} and thus, if e < 2-^1-^2 

\{t e (a, 5) : < < {2Nie^^^ + 2N2e'^^^^^^+^){b - a) 

This proves (j63p . □ 



Proof of Proposition \7.^ With (j) = Pfy fixed choose the /„ such that i;^^'^'' 
and (p^"^^^^ are nonzero on the interior of each /„. We assume without loss 
of generality that (p^'^') , ^('^+1) > on the interior of /„. If we put sj = t + Kj, 
then it follows by Lemma 17.31 that 

(66) J{t,K) = \Usi,--- ,Sd;(^)\= r (t>'-''\u)^>{u)du 



for some nonnegative function ^{u) = '^{u; si, . . . , Sd) which satisfies 
(67) ■^{u)<V{su...,Sd)/{sd-si). 

Note that V{si^ . . . , Sd) = V{ni, . . . , Kd)- By applying ([60|) with (f){t) = 
f^/idl), we get 

/ ^'(n) du = CdV{K) 

J SI 

where Cd = (2! • • • (d - 1)!)"^ 

To see ([5^ we use this fact and ([S7|) . Thus we have 

/ ^!{u)du= I ^!{u)du- I ^{u)du 

J[si,Sd\\E Jsi Je 

(69) >c^v{k)-\E\^^^ 

Sd - Sl 

if E C [si,Sd]. Choose e = e{d,N) so small that 2Ne'^ < Cd/2. Now 
assume that si = t + ki £ !„, Sd = t + Kd £ In- With 

E = {u£[suSd] : (/>('^)(u) <e,/.W(t + Krf)} 

we have \E\ < {sd — si)cd/2 by Lemma [731 and our choice of e. 
Hence, by ([661) and ([68]), we have 

J{t,K) > [ (t>^'^\u)^{u)du 

>e^^''\t + Kd)ViK)cd/2 



,Cd 

2 

giving ([59]) as desired. Here we put c{N,d) = ecd/2. □ 



V{k) max{|</.('^)(t + Kj)\ : 1 < j < 4, 
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Proof of Theorem II. 2L Fix a polynomial 0, of degree A^. If d < then 
the afhne arclength measure is identically and the assertion trivially holds 
with C{N) = 0. Now assume N > d. Let / be an interval on which 
the inequality (159p holds, and cp^'^^ and (p^'^^^^ do not change sign. Pick a 
subinterval Iq on which (p^'^^ does not vanish. Denote by C the class of simple 
curves given by (p, on Iq or on subintervals of Iq . We notice that the offspring 
curves are affine images of the original curves (c/. the proof of Lemma 3.1 
in [7]). The bounded multiplicity hypothesis (when the curve is restricted 
to suitable subintervals) is discussed in [20], [T?]- Theorem 14.21 gives the 
desired conclusion on the interval Iq with no reference to a nondegeneracy 
assumption. A limiting argument gives the conclusion on the full interval 
/. Since </> is a polynomial and by Proposition 17.21 we have to apply this 
consideration to only a finite number of intervals. □ 

Remark. Letr(t) = {Ri{t), Rait)) where Ri{t) = Pi,iit)/ P2,i{t), Pi,i, P2,i 
are polynomials. It has been proved by Dendrinos, Folch-Gabayet and 
Wright [T^ that M can be decomposed into a finite number of intervals 
(depending on d and the maximal degree of the polynomials involved) so 
that the crucial hypothesis (I36p is satisfied on the interior of each interval. 
In the special case of rational curves of simple type (with Ri{t) = 
i = 1, ... ,d — 1 and Rd{t) = P{t)/Q{t), P,Q polynomials) one can show 
that after a further decomposition Observation 17.11 applies. Thus Theorem 
11.21 extends to rational curves of simple type. 

8. A NOTE ON THE RANGE OF THE SHARP — > ADJOINT 
RESTRICTION THEOREM FOR GENERAL POLYNOMIAL CURVES 

Suppose t I—)- 7(t) = {Pi{t), . . . ,P(i{t)) is a polynomial curve in M'^, with 
the Pi of degree at most n, and suppose that dX = wdt is the affine arclength 
measure on 7. Dendrinos and Wright [T7j established the critical Fourier 
extension estimate 

(70) ||7dA||,<C(n,p)||/||^.(,), i + ^i^ = l 

in the range 1 < p < d + 2 (the range obtained by Christ [12] in the non- 
degenerate case). Much earlier Drury [18] had proven a restriction estimate 
for certain curves {t,t^,t^) in dimension 3 that was valid for 1 < p < 6 
and therefore valid for some p outside of the Christ range. It turns out 
that by replacing two of the estimates in Drury's argument by estimates 
of Dendrinos and Wright and of Dendrinos, Laghi and Wright [15j one can 
extend Drury's result to general polynomial curves in M^. Moreover using 
an estimate of Stovall [S^, one can show 

Proposition 8.1. For general polynomial curves in , d > 3, the Fourier 
extension estimate (I70p holds for 
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Proof. What fohows, then, is just Drury's argument run with up-to-date 
technology. The required result from §3 of [17j (cf. [i2\ for the nondegenerate 
case) is the d-fold convolution estimate 

\\{fdX)*---*{fdX)\\r<C{n,t){\\fUtix))'' 

C^^) I d-l d + l 

for- + ^— = l<t<d + 2. 

t 2 2r 

The necessary estimate from [37j is 

II A * s-lld+i < C(n) llffll d2+rf , 

from which it follows by the Hausdorff- Young inequality that 

(73) \\fd\* g\\d+i<n II/IIl°°(a) llffll f+d 

Drury's argument is an iterative one. Begin by assuming that the L^" 

J_ d(d+ 
po ~^ 2(70 



L'J° estimate ([70]) holds for some po and qo satisfying ^ + '^^f^^^^ = 1. We 
then also have 

(74) WfdX^gWso < C{n,po)\\f\\Lvoix) \\gh, - = - + ^• 

To see this write \\fdX * g\\so = \\fdXg\\so and estimate this by H/dAUgg II5II2, 
using Holder's inequality. Now use the assumed L^^ — t- L''" inequality and 
Plancherel's formula to get ()74p . Interpolation of ()73p and (I74p gives 

(75) WfdxT-gWs <„,^,p„ II/IIl^a) llffllr 

where 

/I 1 1\ . .x/ 1 1 1\ 2 1 d"^ -d + 2 

(76) =(1-^) -,-,0 



.s^a^rJ Vso'po'2/ Vd+l'oo' d^ + d 

for < < 1. We wish to apply this inequality with g equal to the d-fold 
convolution in ([72]) . This restricts the r-range to r < (corresponding to 
the range t < d + 2). A calculation shows that this restricts the range of "d 
in (1761) to 



(77) {d-2){d+l)d _ , 

^^^^ (d + 2)(d2-3d + 4) -*'mm<*'<i 



With (j( = /dA * • • • * fdX we obtain from ([75 



d+lii ^ II j.|| /|| j,|| \d 



(78) -n,tf,po II-/ ll^-^A) UI/lli*(A)J 

SO long as t < d + 2, j = — and r, a, s are as in ([75]) with -i? > 
With / = xe this becomes 

llSA||(d+i). <„,^,p, X{E)-^^-a^-t\ 

which gives 

\\ldX\\„< , ll/llLP.ifA), for - = , , V, and - = -i-(i + -), 
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where s,a,t are in 

/I 1 1\ , / 1 1 3-d\ / 2 1 1\ ^ „ ^ 

\s a t/ po 4/ Va+looa/ 

A little algebra shows that p and (7 satisfy 1/p + d{d + l)/(2g) = 1 (for any 
i} G (i^min; !))• Thus we get the restricted strong type version of ([70]) for the 
exponent pair {p,q). If is the exponent p corresponding to the limiting 
case i?min we obtain by real interpolation the sharp L^{\) — )• L'^ inequality 
in the open range I < p < pi- Using "i^min in dZZl) we calculate that 

1 _ 8 Id 

n~ (c?+l)(d + 2)(d2 -3d + 4) (d+l)(d + 2)' 

If we define recursively ^ = (^d+i){d+2)td^ -m+a)p, + [d+i)[d+2) then the 
sequence {po > Pi ! P2 > • • • } converges to 

d3-3(i + 6_ 2(d-3) 
d2 - 3d + 4 ~ d2 - 3(i + 4 

and we can conclude that ()70p holds for p in the range ()7ip . □ 



Appendix A. Some results from interpolation theory 

We gather various interpolation results used in the paper, especially in ^ 
They can be found more or less explicit in the literature and no originality 
is claimed. In some cases it is hard to cite exactly the precise statement that 
we need and the reader might find the inclusion of this appendix helpful. 

On complex interpolation of multilinear operators. We use com- 
plex interpolation for multilinear operators defined for functions in a quasi- 
normed space with values in a Lorentz-space. We limit ourselves to the 
statements needed in this paper where the target space of our operator is 
not varied. 

In the following lemma we let the measure space Mhe a. finite set, with 
counting measure, and let ^ be a Lorentz space. For a positive weight on 
M the norm in &>{w) is given by ||/||^p(^) = \f{x)\Pw{x)YlP. 

Lemma A.l. Let T he a multilinear operator defined on n-tuples of func- 
tions on Ai and suppose that for some some weights Wi^, Wi^i on M. and 
Pi,o,Pi,i e (0,00] 

n 

,/n]||y <Monil/ill£«.o(^,_,), 

i=l 
n 

,/n]||y <Minil/.ll£''.iK,i)- 

i=l 



(79) 



\\T[fu... 



\\T[fu... 
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Let < < 1 and define pi and weight functions Wi by 

1 (1-1?) 1? 
(80) - = ^ + , 

Pi Pi,0 PiA 



_(l-l9)/pj,0„,,'?/p,,ljpi 

Then there is C ( independent of the fi, ■ ■ ■ , fn C'^d M) so that 



(81) Wi = K n W,^ 



h**{t) 



(82) ||r[/i, ...,/„] II V < CMl-'>Mt n ll/^ll.p.K) . 

4=1 

Proof. This is an adaptation of the standard argument in complex inter- 
polation ([35]) for analytic families of operators, in the setting for Lorentz 
spaces in [32] . We assume that F is a Lorentz space associated to the mea- 
sure space with measure say L^''^(/i). Let p G (0,1] and assume in 
addition p < min{g, r}. Define the maximal function h** = h** on (0, oo) 

by 
(83) 

isupE.,^^E^^,{p{E)-' Jj, \f{yrdfiiy))^/p, t G (0,^^(1^)) 

\{t-'!^\fiyrdt,{y))yp, tGHn),oc)- 

The function [/i**]'' is dominated by the Hardy-Littlewood maximal function 
of [/i*]'', where h* is the nonincreasing rearrangement of h. 

For a function g on (0, oo) set WgWxr,, = ti/''\g{t)\i§)^/'^ if g < oo 

and ||(7||a'''°° = sup^^g *^''''l5'(*)l- Then Hunt [2S] showed that the expression 
||/i** IIa"-,? is a quasi-norm on L"?'^ which makes L'^''^ a /o-convex space. 

Let S be the strip {z = ■!? + ir : < < 1, r G M} and S its closure. Let 
fi G P^{wi) so that ||/i||£Pi(io,) < 1 and define for x G 

^^^^(^) ^ ^ia..(f(.)) [l/(^)r'^_^(^)]^"'^ 

Wifi{x)''''Oy^.^^(^x)'''A 

Then fi^^ = f. Moreover, \\fz\\iP^,o(ul,,o) = H/llfpf^) ^e{z) = 0, and 
ll/.||£-.iK,0 = if Re(z) = 1. We define, for y G 

HM=T[fi,z,---,fi,z]{y)- 

Then = T[fi, . . . , fi] and we must show that ||F^||v < M^-'^Mf. For 
almost every y G the function z i— )■ Hz{y) is bounded and analytic in S, 
continuous on S. 

We use the standard properties of the Poisson-kernel associated with 5, 
seeCh. V.4in[353. LetPo(^,t) = Loshff-toli..) ^ A(^, t) = Lo^h^+toV.) ■ 
For < < 1 we then have f^^ Po{'&,t)dt = (1 - ^9), J^^Pi{^,t)dt = {}. 
Thus, proceeding exactly as in [^ we have 



Po{^,T)\og\HUy)\dr + / Pi(i?,r)log|i/i+i,(y)|d7 

-oo J —oo 
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and then 



1-1? 
p 



|i?^+ir(2/)| < (exp Po{^,T)\og[\H,,{y)\P]dT)) 

X (exp (iy^%i(^,T)log[|//i+i,(y)|'']dr))^ 
By Jensen's inequality, 

where 

^i(y)= £^Pi{^,r)\m+,r{yrdTy^'. 

By Holder's inequality we have {A]-^ Af)** (t) < {A** (t))^-^ {A*^* {t)f . By 
Fubini's theorem we get A**{t) < Bo{t), Al*{t) < Bi{t) where 

Bi{t) = P^P,{^,T)\HlX,^{t)\PdT)''' . 

Hence 

\Hl\,At)\ < iA**it))'-^iAr{t)r < Bl,-^{t)Btit) 
and another application of Holder's inequality yields 



I IT** II ^ II R 111 — I'll R l|1? 



Since q > p we can apply the integral Minkowski inequality (as a version of 
the triangle inequality in L'^/^(0, oo)) 

WBn 



hh^- < [yZT^ J ^Po{^,r)\\H*;r^^,,dT) , 
/I f'^ \ i/p 

II^iIIa..^ < j_^Pl{^,T)\\Hllirrx.,dT) . 

By assumption 

n 

\\Hl*\\xr,q < CMo JJ \\fi,iT\\ePi,0(wifi) ^ ^1 Mq , 

i=l 

n 



i=l 



We get ||-ff|!^i^||A9.'- < CMq ^Mf, using the above formulas for the integrals 
of Po and Pi. □ 
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We now use Lemma lA.ll and a straightforward transference method to 
prove an interplation theorem for sequences with values in certain real in- 
terpolation spaces X0 q. When applying the complex interpolation method 
the case q = oo may pose some difficulties which can be avoided if £°° is 
replaced by the closed subspace cq. In particular it is convenient to replace 
the real interpolation space X^^^o by ^, the closure of Xq n Xi in X^^oo- 
To deal with this distinction we introduce some notation for the following 
lemma. We will work with a couple X = {Xq , Xi ) of compatible complete 
quasi-normed spaces. If g < oo we denote by Z{q, s, 6) = ii{Xg^q) the space 
of Xg^g-valued sequences F = {-Ffcjfcgz with norm 

For q = oo we define Z{oo, s, 9) = cq{X^q a closed subspace of 1^{Xq^^), 
with norm supji^g^ 2^'^||Ffc||^^ . We shall say that F = {F^} e Z{q,s,6) is 
compactly supported if = except for finitely many k. 

Lemma A. 2. For i = l,...,n, let < 0i,O)^i,i < 1, < qifl,qi,i < oo, 
•Si,i,Sj,o S M. Let T be an n-linear operator defined a priori on n-tuples of 
compactly supported {Xq n Xi) -valued sequences, with values in a Lorentz 
space V , and suppose that for such sequences the inequalities 

(84) ||r[Fi 

hold. Define qi, Si and 
1 

— ,Si,' 




Then T uniquely extends to an operator bounded on YYi=i ^{li^ Si,9i) so that 

n 

\\T[F,, . . . , F„] ||y < M^-^Mf n m\\zi,,,sM ■ 

i=l 

Proof. The uniqueness of the extension is clear because of the density of 
compactly supported Xq n Xi -valued functions in Z{q, s, 6) (for q = oo 
this requires the modification in the definition using co{X^^)). In what 
follows we write matters out for the case that the qi < oo and leave the 
obvious notational modifications in the case = oo to the reader. It will be 
convenient to use the characterization of Xg^g by means of the J-functional. 
It suffices to prove that for ||i^i||2{g,,s,,ei) 1^ ^, i = ^, ■ ■ ■ ,d, 

(85) ||r(Fi,...,F„)||^<Mi-^Mf. 

We write Fi = {Fi^k} with Fi^k £ Xg^^g. and 

EP'-ii^«%.„..J")""fii- 
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We can decompose Fi^k = Y2i Ui^k,i with Ui^k,i £ -'^o H Xi and convergence in 
Xq + Xi so that 

I 

and thus ( ^[2'=^'2-'^' J(2', Uj^fc,;;^)]"') ^^''^ < 2. We set iVo = and define 
numbers A'^q < -^i < -^2 < ••• so that 

(86) ( [2''''2-''^J{2\u,,kX,X)Y'y^ <'^"'- 

k,l 

max{|fc|,|Z|}>Afi, 

for i = l,...,n. Let Xu{k,l) = 1 N,^ < max{|A;|, |Z|} < N,^+i and 
Xuik,l) = otherwise, and let i^^ = Zi Xu{k,l)ui^k,i- Then X:r=i = 
with convergence in Z{qi, Si,6i) and, for each k, X^^i ^ik ~ with con- 
vergence in Xg-^q^ and a fortiori with convergence in Xq + Xi. 

In order to prove ()85p we fix the chosen vectors Ui^k,i and define operators 
acting on n-tuples of functions a = {o-k^i} defined on a subset of Z x Z. 
Let Aiff = {{k,l) : max{A;,/} < maxjA'^jy^+i, . . . , -/Vi,,„+i}}. For any n-tuple 
P = (z^i, . . . , f„) of nonnegative integers we let = {-^ffc(fl)}fcGZ) where 

for i = 1 , . . . , n 

-^i^fc(^) = Yxu,{k,l')ak,iUi,k,i- 

Now define for an n-tuple of such sequences a multilinear operator S^; by 
5,V,---,a")=r[J-r^(ai),...,J-^(a")]. 

Let 

Wq,sAk,l) = [2'''2-'%e + J{2\ui,k,i;X))Y. 
It is our objective to show 

n 

(87) \\S,ia\...,a^]\\v < CMj-'^Mf J] II ail^'H^.,,,.,,^,) 

i=l 

where the constant C is independent of the choice of the specific Ui^k,i a-nd 
independent of u. The inclusion of e in the definition of Wq^s,e guarantees the 
positivity of the weight. Once the bound ([57|) is verified we will then apply it 
to the sequences ^ = XuXk, I). For this choice of the a* an estimate for the 
expression ||5;7[o^, . . . , a"] ||y becomes an estimate for ||T[F-['\ . . . , F^"] ||y, 
after letting e — )• 0. 

Now for any admissible choice of q,s,9 



^ L II Ai,,,.jJ / 



g\ 1/9 
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and by definition of the X^^g.j norm we have 
Therefore, by the homogeneity of the J-functional 

k,l 



4^1]'' 



Notice that we can consider the sequences o* as functions defined on Ai,^. 
By assumption 

\\T[T,{a'),...,Tn{an]\\v 

n n 
i=l i=l 

and by the above this imphes 
||5,V,---,a"]l|y 

n n 
i=l i=l 

Since Wn s e = \w^^ V^'^n'^ w^} t^^'^o^ V\ Lemma [A. II now gives (1871) . with 
a constant independent of 17. 

Finally if we apply ([87]) with the sequences ^ = Xuiik, I) and let e — )• 
we obtain 



\\t[f,^\...,f:-] 



w 



i=l k,l 

and, by HMD this expression is < M^-'^Mf2~(''^+-+''"\ Since J2u, ^i" = 
with convergence in i'i'{X0-^q^) we see that Ylc^'^i-^i^ ^ • • • i ^n"] converges in 
F to r[Fi, . . . , Fn] so that |iT(Fi, . . . , F„)||y < M^-^^Mf . □ 

Means. Often one generates new estimates by taking means of given esti- 
mates. The new bounds may then be interpreted as estimates on interme- 
diate spaces: 

Lemma A. 3. Let < r < 1 and let V be an r -convex space. Fori = 1, . . . , n 
let X* = {Xq,XI) be couples of compatible quasi-normed spaces and let T be 
an n-linear operator defined on nr=i("^o l^ "'^i) values in V . Suppose 
that 



||r(/i,...,/„)||y <nil/^lli 



i=l 



38 AN ENDPOINT ESTIMATE WITH AFFINE ARCLENGTH MEASURE 

for some < 6i < 1. Then there is C > so that for all (/i, . . . , fn) £ 

n 

(88) ||r(/i,...,/„)||v.<C7nil/.|lY^ 

i=i 

and T extends to a bounded operator on HiLi -^^Oi r- 

Proof. Let fi G Xg^^y. and thus = with ui^i € Xq n X{ and 

convergence in Xq + X\ . Since V is r-convex one can show 

\\T[fl,...,fnWv<C^Y. ll^t^Mi ' • • • ' ^«.'"] \\V-^ 

this follows easily by considering finite sums and a limiting argument. By 
assumption and the definition of the J-functional the right hand side of the 
last display is dominated by C" times 



n 



i=l 



i=i h&n 

Taking the r-th roots and then the infimum over all decompositions {uj.;} 
of fi, we get assertion (|88p (by the equivalence of the J- and ii'- methods). 
The operator T extends to Y\a=i -^Oi r since Xq n XI is dense in X^. ^. □ 

Spaces of vector- valued sequences. We use two results on interpolation 
of £§(X) spaces, for quasi-normed X and 0<p<oo,s£W. For fixed X the 
following standard formula for the real interpolation spaces can be found in 
§5.6 of [9]. 

{iil{X),eil{X))^^^ = liiX), s = {l- {})so + ^s, 

provided that sq ^ si, < go < cO) < gi < oo . 

Next consider the space {£l^{XQ),£l_^{Xi))^^q for a pair of compatible 
quasi-normed spaces {Xq,Xi). The following lemma is essentially in Cwikel's 
paper [T3] who considered normed spaces. We include a proof for the con- 
venience of the reader. 

Lemma A. 4. Suppose that Xq and Xi are compatible quasi-normed spaces. 
Let < r < oo, sq, si G and 0<t?<l. If r < q < oo, then there is the 
continuous embedding 

(90) £:((Xo,Xi)^,g) (^^^(Xo),4(Xi))^,„ s = {l-^)so + ^si. 
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Remark. When < g < r, a slight modification of the argument sketched 
below shows that the inclusion in (j90p reverses direction. In particular, 
equality holds when q = r. But this fact is not needed here. Examples 
disproving the equality in the cases q ^ r are in |13j . 



Proof of Lemma\A^ Let / = {fk} G ^^0(^0) + il,{Xi). Fix t > and 
e > 0. For each /c G Z, choose /o,fc and fi^k with = /o^^ + fi^k such that 

||/o,fc||xo +2''(^^-'^°)t||/i,fc||xi < (l + e)i^(2'(^^-^«)t,A;X). 

Let Wo = il^{Xo), Wi = ll^{Xi), and let K{t, f;W) be the K-functional 
for the pair {Wq,Wi). Then 



/0,fc||X()J 



l/r 



+ t[Y.[2'^^\\f,^,\\xj) 



l/r 



Y.[^''nkAx, + 2^'H\\f,^u\\x,)]' 



l/r 



l/r 



If r < g < 00, then it follows by Minkowski's inequality that 



[t-'K{t,f-W)\ 



t 



•'^ k 



r/g\ l/r 



Let s = (1 — 'i?)so + t?si. By the change of variables u = 2^^^^ ^°H, we see 
that the right hand side of the last display equals a constant multiple of 



u K{u,fk;X) j —j 



r\ l/r 



l/r 



The case g = cxd is similar. 



□ 
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